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LIMITING PROPERTIES OF LARGE SYSTEM OF RANDOM
“ LINEAR EQUATIONS

by

Z. D. Bai
The University of Pittsburgh

ABSTRACT

S. Geman and Chi R. Hwang (Z. Wahrscheinlichkeistheoria verw. Gehiete,

1942) proposed a kind of algebraic system of equations and proved the law
of large numbers for its solution. In this paper, the conditions to ensurt

these results are significantly weakened for the law of large numbers. Al:

g

the central limit theorem is shown. For both the law of large numbers and

‘ the 1imit theorem, the only needed assumption is that the random variables

have finite second moment.




1. INTRODUCTION

Let {mij}' i,j = 1,2,..., be a collection of independent and
identically distributed random variables with zero mean. For each
n, n=1,2..,, define wn to be the n x n matrix whose (1,j) entry is

T
mij' Given a sequence Gys8550ces define for each n, Vn = (ul,az,...,an) .
T
Finally, for each n, define a random vector Xn = (an,xnz,...,xnn) as

the solution to the equation

1
X =V +SW X (1.1)
n
1eX=u+-]-'-}:wx i =1,2 n
T n,i i n j=1 ij "nj°’ L

This system of equations plays an improtant rule in large and
homogeneous systems of physics (see [1] and [2]). When n is large
enough, the solution of (1.1l) is usually assumed being 'nearly inde-
pendent” (the so-called chaos hypothesis). This hypothesis was first
proved by S. Geman and Chi R. Hwang. They usually assume that
Eu{1< =, For some stronger conclugions, it is even assumed that the
characteristic function of wyg has a nondegenerate analytic zone.

In this paper, we relax all these restrictions to the existence
of the second moment of wyq and prove somewhat stronger conclusions
than that are shown in [1]. Exactly speaking, we get the following
theorems.

Theorem 1. Define Xn by (1.1) whenever I —~% W is nonsingular.
Otherwise, define Xn = 0., Suppose that Emll = 0 and Ewlzl < =,

1) If (al,uz,...) € £ _, then

max ,Xn,i - ai[————+ 0, a.s. n > =, (1.2)
1<i<n
2) If lim a_ = 0, then
a n
S 2
X ()(n’1 - ai) —r 0, a.5. 0+ ® (1.3)

i=]1
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especially for (a ) e ¢

122000 29

(xn,l""’xn,n’o"") - (ul,az....) in QZ, a.s. (1.4)

if a; = 0y =...= a and if Ewll = m (instead of zero), Geman and
Hwang proved Xni + a/l-m a.s. under the conditions that |m| < 1 and

Ew,

to this, we have

|n j_nen, ¥ n < 2, for some positive constant B. Corresponding

Theorem 2. Assume ¢ = a, = Q

] 2 ™ sees E“’ll = m, Define Xn by

(1.1) whenever 1 - %-wn is nonsingular and define Xn = 0 otherwise.

If m# 1 and Ew{; < », then max lxni - T%El + 0. a.s.
l<i<n

For the CLT of Xn, we have

zheorem 3. 1f Egyp =0, 0 < wai =02 < », (al,uz,...) e,
and 121 ai = », Then for any given integers (m1 <m, <...< mk),
-0 T -
afif—j;; (Xn,ml - aml, Xn,mz - umz,..., Xn’mk - amk) g N(O,Ik)

=1 4

where Ik denotes the kx k unit matrix.
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2. SOME LEMMAS

We first prove some lemmas.

1f Ew,? s.

11

where the norm means the Euclidean one, i.e., for A = (aij).

Hall = C §J a,2%
e

a.

2
Lemma 2.1. < =, then I[(%%) ll + 0

2 2 1
Proof. ||(%?)Il = 121 ( Z W wkj)2

= Jl(n) + Jz(n) + J3(n) + J4(n) (2.1)
where
1 ti L
J.(n) = = w (2.2)
1 n i=1 ii
-1 2 2 2 2
3,(m) = {151 (wifusd *+ 2 ofuggugy + 2 uggefo ) (2.3)
2
J (n) = —{ 2,21} (2.4)
3 n 121 E “1 k%3
2
J,(n) = ={ ) +2 7 7
4 n % ) Yik“ki¥1h%hi 51 koh ¥1k%kj “1h%hj
14k i¥k
142
+ 2 . } (2.5)
121 1Zh Wi11%1399ih%h3
j%h

It is easy to see that

E Ja(n) = 0
4 2\
E J4 (n) A (B»ll) .
By Chebyshev 1inequality and Borel-Cantelli lemma, we obtain that

Ja(n) + 0. a.s. (2.6)

By Marcinkiewicz strong law of large numbers, we have

1
- = 2.7
Jl(n) 0 (nz). a.s. ( )
and 1 2.2 1 8
o 194 “13Yy1 0(;?)- a.s. (2.8)
’§}:ifﬁiiyffi:u-“ffA"‘ R .Jj;;“'t‘“¢f;;3'[ oo
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i=1
=-0(%)(0(1))Li -od). au. (2.10)

hence

3,() = 0 (%). a.s. (2.11)

To prove J3(n) + 0. a.s. we define

-~

“i4n T9ij I[[“’ijl < n]

—z— .2 _ g2
“f3n ~ “ijn “{4n
and
LW =5 ] T2, @
n 5§ i jn
T3 . 2 - 7T
,m) =5 ) [ w .
3 n 15 k ikn “kjn

Notice that E wikn = 0, E wﬁjn = 0 and that “’ikn R “’(zcjn are independent

of each other for given i > j and k, we know
E J3(n) =0

and

_ 4
E(T,()? = =4 (E(w,2_)2)2
3 n 12;]% lln




AR R S A A i AN - B A it

Therefore, for any ¢ > 0, we have

«©

-2 -3~
Z P(|J3\n)l >e) <4 Ecnll € z n~ E %11 n
n=1 n=1
E -3 rzl 2 2
<c n - ( k2 E w?1I 2 )
el o1 11 “ (k-1 5_|u11| <k]+1
et -3
=c 1+ ) kKZEw?1I 2 1 o7l
k 11 " [k-1 < |w11| <kl &
b
P.
5 iC[l"'kzle [k1<[w l<k]]
b cc+Ewi] <=, (2.12)
Y here and after, ¢ denotes a positive constant independent of n or k,
b

but it may take different value in each appearance.

From (2.12) we get

J3(n) + 0. a.s. (2.13)
"2 2 o
On the other hand, noticing E ] 0 < E Wy <%, we have
L@ -Gl &1L Jaogol+5 1 ] g
J,(n) = J (n) = (n-1) m + = (-1)
3 3 BT 1] kel B 2 k=l “kin
< 332 P o248
-3 peL o 0, a.s. (2.14)

here the first term tends to zero from Kolmogorov's strong
law of large numbers. From (2.13) (2.14) it follows that

lim J3(n) = 0. a.s. (2.15)

nore

Finally, we prove that

9(33(n) # 1,(), 1.0) = 0.
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° 2m m-1
im  § 270 p(lw,] 22770
k> m=k “1i

k> m=k =m

ko 2

<lim 2 ) 277 P(2

=0 (2.16)
which and (2.14) prove

J3(n) + 0. a.s. (2.17)

(2.17) and (2.31) (2.6) (2.7) (2.11) complete the proof of Lemma 2.1.

Lemma 2.1 implies that for almost all w, when n 18 large enough,

we have
a0

pot 2 b 2
Wk W k W k
OHESS < IED T HED I+ T 1HED 1T <=
k=0 k=0 k=0
Hence we obtain
Lemma 2.2. If E wyp = 0, E wli < »  then, almost surely,
1 a

exists and equals | (%?)k, when n is sufficiently large.
k=0

Wn, -
(1r - 7;)




(AL 'u,'_ (it
AP LA ."v' -

s

i N}

LA S S s i S Yk gt Saagtam T 2 ey L s ’ . R —
- B e e T B o " e

3. THE PROOF OF MAIN RESULTS

3.1. The proof of Theorem 1.

Firstly, we shall prove

=0 a.,s. if lim a
T (12w v || e
e <M Eli wli,
We have
1 n n
= 2 - =
¥ Wall? =52 1 (1 oy
1 n n 5 ) 2
= ;2 L izl ai wki + ;2 2 2 aiaj w

k=1 1i>j

= Il(n) + Iz(n).

where M(m) = sup |anl <M, m=1,2,...

Z = z 2 A0, Wy Wy ..
S N S TS W LY
Noting that {Zn, n=1,2

known martingale inequality, we get for any ¢ > O

‘.' *.‘ SRR *..',‘.'

1.

N . . .
. \._.‘\Lus‘x-’- DI R S RN

1,) <& 02 z 7 02 + M@ ]
1 i=] k=1
~— M%(m) E wli. a.8.

if s:p [anl <M

n>m
that
=0 if lim a
n n
lim Il(n) ,
e <ME wyy» a-8.
Let n

= 0

(3.1

a.s. if sup lunl <M

n

ki%kj

(3.2)

By Kolmogorov's strong law of large numbers, we have for any m

z wki }

i=m+1

From this we can easily see

=0,

(3.3)

,.+.} forms a martingale sequence, by a well-

MY SRR T T S S




2m

P( max 22 ]an >e) <P(max |z |> = 2%

m-lepeom @ l<nc2m 8

82 _—4m 2
< 2 YA
fez E( 2m)

-2 ,-4m
e 2
k=1 2T>1>3>1

- a2 22 242
8 aiuj (E wll)

-m
<ec2 .,

from which and Borel-Cantelli lemma, it follows that
2

By (3.2) (3.3) (3.4) we get (3.1).
Next we shall prove that
W
HED2 v || — 0. a.s. (3.5)
We have

Némz vy (2L § (7 § a)?
n’ n ot o jo1 ey CHYIKCK

, m ,, B , n n n ,
2ol ) wyg (kzl ”1kuk) + 7 (] 3 wijwjkuk) }

i=1 i=1 j=1 k=1
We shall first prove that
-3 B
max n -~ ( 2 W & ¥ ——> 0. a.s. 3.7
1<i<n k=1 1k 'k
If we have done so, then
2, T el (b wpep? 2@ 1o 2T g’
18 w ( wu)iz(_ m)(m&xn( ma)‘)
n® 2y ii k=1 ik'k nog ii l<i<n k=1 ik 'k
2 =
*2E 47-0=0. a.s. (3.8)

n
Noting that { ) = 1,2,...} forms a martingale sequence, we

W,, %, , 0
oy 1k

have for any € > 0

-3 2
P ax max n w,, 0, )2 > €

(2‘“‘T<n<2m l<i<n (1-2-1 1" 2 €
- I 1.-3

< 2" P(  wmax () )2 >¢. 8 270

2m-1ln<2® a1

1%k ).

m
< 272 g § wuo)? < e M2(1) 27" = ¢ 27, 3.9
i=1
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which and Borel-Cantelli lemma imply (3.7). Hence, (3.8) holds.

on the other hand, we have

“§ (i3 2
n ( W, W, 0 )
=1 j=1 k=1 13 3kK
i

-4 n n n
= n Z{zmz(zwa)2+222 » w ) Wy Wy O Uy )
=1 g1 M yay kK iy, U tak= kzzl R BT

e 194,351

n n

L n"’ {Rl(n) + Rz(n)}. (3.10)

Since
E(u-l‘Rz(n))2 <ec n-3,

we have

n-" R, (n) ~—— 0. a.8. (3.11)

Noticing that { ] ] Ol Y1k %k Gk DT 1,2,...} forms a

wk>k>l 1 T2 102

martingale sequence, we obtain

W, W [+ ] a
ik ik, Tk Ky

P( max max 0 2 D) > €)

2m-1_<_n< 2m  1<j<n n>] k1> k2_>_ 1

iZmP(maxlzz Oy © aakll%—eZ
n<2m n_>_kl>k2_>_l 1 2 172

c23mEC J ) a, a, )2

w w
2m1k1>k211 1k, 1k 172

[

<c 2™,

which ensures that

max n-zl Z ) ©ig. 95K ay dy [ + 0 a.s. (3.12)
1<j<n wkpk2l 31 T2 1%

Thus, to prove n-l' Rl(n) + 0 s.s. we only need to prove

_4n n

n
D D) Ty w2 w a2+ 0. a.s. (3.13)
f=1 g1, Kl TH AR
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Since lakl < M, it follows that we only need to prove

LD Legedy
n w — 0. a.s. (3.13)
151 ge1g41 10183k
n n n
This can be easily seen from the facts that { | ) 2

w,%w, s,
1=1 {=1,i81 k=1 "1j jk

n=1,2,...} forms a semi-martingale sequence and that

4 0 zn
P( max n wlw 2] > e)
m-leneom  gx) ja1,ge1 X"l 133K =
n n
-4 4m
< P(max | Z R 24.2] > 2 27
n<2® =1 j=1,jd1 &1 1373k
4 2m 20 2m
-4m
<c2 E lz - z w, w2
1 gk 1k
-m
<c2 7,

From (3.6), (3.7), (3.10), (3.11) and (3.13), we obtain (3.5).

By Lemma 2,2, for almost all w, it holds that

o k
Wn 1 -1 Wn
2Vt G G-y - 16Dy,
k=1

® k

Wn Wn

= OV + ) D v, (3.16)
k=2
If lim a = 0, by (3.1), (3.5) and (3.16), we obtain

n
2 ® 2 k
Hx, -voll < AIEDY I+ HEDY V ID T HE L 0. aus.
k=0 (3.17)

which is equivalent to the second assertion of Theorem 1. Since

- -]

Wn Wn Wn Wn Wn.
1L ED vl < HED I T 1E 1« 1R v ) 118

= k#l
— 0. a.s. (3.18)
to prove the first assertion of Theorem 1, we only need to prove
n
1 1
max I(—-W V) I = max |—~ z w,, o | — 0. a.s. (3.19)
1<ien B BML g Rgmp MO
or equivalently,
n
1 2
max | () w,, a)?| — 0. a.s. (3.20)
1<i<n 2% gm0
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In view of (3.12), we only need to prove

‘ n n
o max | %2 )) wi§u2| < M2(1) max n~2 ) w? >0 a.s.
- 1<icn ¥ g=1 11 1<i<cn =1 (3.21)
& Set
- 2, =w?1 -Ew?1
ALE (U2 11 “{ley, | < 0

When m is so large that E wli /2" < %, we have

n
P( max max n“2 2 m’iz > €)
2“"1_5_n<2‘n 1<i<n j=1 3
m, T w2 2 e 2"
< 2P( max Z(wij—EmuI[lwll<n])1§2 )

2m-leneom a1

a n
< 2"[P( max z Zjn_>_%22m) + P( U U jk) (lmij] > n))]

2""1_<_n<2m j=1
2m 2m

m [273m g le + p(\ U U (Iwi.l > 2m-1yy)
2 i=1 j=l .

(I

-2 b4 2m m-1
< 2 E w} I[l“’lll < om] + 2 P(lwn] > 207y, (3.22)
where € is an arbitrarily preassigned positive number.
From (2.16) we know
- m
722 p(lw,,| > 221 < =, (3.23)
11
m=1
On the other hand we have
I 2 “1% Tju..| < 2m] AR Bupg Tpokel ¢ o | < 2k *1]
m=1 11 m=1 k=1 1 --
<3 Eu) Tkl |y | < oK) §ormy
k=1 m=k
v .-2k
<27 2 Ew.? I k-1 ke +1
=1 11 (2 < |w11| < 2K}
<2Ew?+1lc<a, (3.24)
» From (3.22), (3.23), (3.24) and Borel-Cantelli lemma, it follows that
. L,
max n 2 w2 — 0. a.s. (3.25)

1<i<n j=1 13

The proof of Theorem 1 is completed.




3.2. The proof of Theorem 2.

Let Hn be the nxn matrix with all its entries being m = Ew

11
R a o
and let W_ = wo- M. Write A X -V / (1-m) (xn,l-l-m’""xnn-l-m/

Then (1.1) can be rewritten as

-~

Wn Qa
Yn "2 "n + n(l-m) wn !
where | = (].,l.,...,l)T being an nx 1l vector.

Let HA[ |0 denote the operator norm of the matrix A. Since

W =W + M, we have
n n n

~ 2

Wn, 2 Wn, 2 wmm ann Mn
ll(—;)lloill(—n-)ll + | |1= I| + 1] ||0+II;fl|o-
(3.26)

Applying lemma 2.1, we have
Un 2
eIl < HE ] — 0. aus., (3.27)

where ||A|| denotes the Euclidean norm of the matrix A. We can easily

compute that

ll = |m] %2 -2 . (3.28)
|15 | | =
Futthermore, we have
I )(—)II H ><—-)II
m2 n 2 n? O oo, 2
- — ( W = — ( w,. ) (3.29)
o' 121 jgl kz w "a 121 kzl ik

~

where Wi T gD being a random variable with zero mean. Applying

(3.12) with a, = Gy, =...= 1, we have

1
2m? 2 - -
=13 1wy w |
n 1=1 k>k, ¥ 1K
172
< 2m’ max n”? | “ e Yk | » 0. a.s.
1<i<n nz_k1>k2_>_l 1 2

(3.30)
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By Kolmogorov's strong law of large numbers, we have
g "]

2 n n . -

m 2

= ! ) w2— 0.Var(w ) = 0. a.s. (3.31)
27 ge1 k=1 1K 1

From (3.29), (3.30) and (3.31) we get

I ﬁlnMn

e ——— 0, a.s. (3.32)

I

Similarly, we can prove that

| | ey

o —* 0. a.s. (3.33)

From (3.26), (3.27), (3.28), (3.32) and (3.33), we conclude that

2
HE || — 0. a.s. (3.34)
n 0
Like proving Lemma 2.2, we see that for almost all w, (I-Efb-l is
nonsingular and
L]
Wn, -1 Wn, K
-7 =1 &

k=0

when n is sufficiently large. Thus, for almost all w, when n is large

enough,
-1 iy
Wn a  Wn
Ya (1_—11_) (l-m n ™
-2 f Mok Wy (3.35)
1l-m k=0 O n
Since
1 o0
o2 ) 044 — 0. a.s. (from Marcinkiewicz theorem)
i=1 j=1
we have
s 2 - o an . 2
N ¥ w203 (7 5 o,) — 0. a.s. (3.36)
n n ij
i=] j=]

from which and (3.5) we conclude that

Wn W ﬁn 2 Mn Wn
TR R IR T T+ 1122 2 1]] = 0. aws. (3.3

Applying (3.1) with M = 1, we have

B 1in II%? I < £ Wygs 8.8, (3.38)

" -
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Consequently, by (3.37) and (3.38),

- -]

wn, K ;in
I & Tl

k=1

W P wn 2 K Wn W . wn.2, .k
f.H';? ’szl S ”0 + H';?' —;:“H kZO ||(-;“) “0

—— 0. a.s. (3.39)
Using the same method as used in the proof of Theorem 1, we can prove

n ~
max ]% Z w l —> 0. a.s. (3.40)
1l<j<n i=1 4

which and (3.35), (3.39) imply Theorem 2, and the proof is finished.

3.3. The proof of Theorem 3.

Without loss of generality, we can assume that m, =1, i=1,2,...,k.

i
In the proof of Theorem 1, we have shown that, for almost all w, when

n is large enough,

b Wnk
X, -V, = kzl (—n-) vn.. (3.41)
Note that
—0 ¥y vl y=1,2,....k )
n n
ol Vgl ;
1 n
= —_— W j=1,2,...,k}
2 2’ » 1 ] »
o[Vl 2e1 *

is a set of independent and identically distributed random variables,
each of which is a normalized sum of independent random varilables,

h 2,....)(“1)'r ;" Xj. Since {ui, i=1,2,...} is bounded, and
121 ui =~ =, According to the Lindeberg-Feller theorem, we have

where (X1 X

n Wn d
—_— =V , j=1,2,...,k} — N(0,1,). (3.42)
oflv. i ™ ®l ,
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We have
nn-v“:rrc“—:-fvnlf
NP S S S

02l [|2 =1 jzl ey MR

S BV T IS N
< 02 ()w,,a, )+ ( W, W, ,a,) }
a2llv |2 a1 M oem P . 1=1 j=1 gm1 13 34°E
i1
b beard wote 1
< ———— w,tat + w, s ( a) + ( w,,w, 4 )
B A L= N = S = G . =1 jm1 gm1 I
L j#1
= Jl(n) + Jz(n) + J3(n). * (3.43)

It is obvious that

n
J,(n) < 4 n_2 z w,* — 0. a.s. (see, Marcinkiewicz theore .)
1 - i1 ii

(3.44)
and
2y2
E J,(n) < 4(Ew®, 1)/ n—>0, (3.45)
and
252
E J,(0) < 4(Ew,D)%. (3.46)
Hence
|| —2— (Fﬂ)zvll-ou),n—»m (3.47)
v il = ¢ P
n
where "Ianll = Op(l), n + =" means that the sequence {Xn, n=1,2,...}

are uniformly bounded in probability in the sense of Euclidean norm.

W 2 1 n n
Since II:?J[ =2 2 2 mi§ + E wli, a.s.
i=1 j=1
we have
3 2
I —2— &y ] o< ] 2 ED Tyl =0 ), a e,
v ] v 1| P

which and (3.47) and Lemma 2.1 imply

wn, 4 2 W 3
e I @ vnll:{IITW“JTW—;l) Vol I+ iy €0 VD

n =4

. ll(w—“)zll E H(Eﬂ)zll’L — 0. 1 (3.48)
n 1-0 n » np. .




By (3.41), (3.42),

n

v,

n

(%) fLvn |

Since for each £, TT%LTT (
n

distributed, we only need to prove (3.49) for j = 1.

For L = 2, we have

16

(3.48), to prove Theorem 3, we only need to provu

— 0.

i

in p. ¢ = 2,3, §=1,2,...,k

(3.49)

2JE)R'V l , j=1,2,...,k, are identically
n” “nf,

. wiv l - —+ ‘2‘ g‘”u“’u“n
nf|v || T h o allv || =1 =1
n n
L e o ]
2 — {w. Ja, +u w, o + w,, W, a }
n”anl 1171 11 g=2 it g {=2 ¢=1 11 12 2
= Jl(n) + Jz(n) + J3(n) (3.50)
It is obvious that
1 2
l3,()] <= 2— 0. a.s. (3.51)
and )12
n (E w, %)
E(I,(@) = —— af (€ w?)? « ——  (3.52)
nzllvnl[2 =2 n?
n n
E(J,(m) = —— a2 (6 w,2)?
nzllvnllz i=2 9=1
(E wli)2
—_— (3.53)
- n
From (3.52) and (3.53), we obtain
Jz(n) ~— 0. a.s.
J3(n) —— 0, 1in p.

which and (3.51) imply

For £ = 3 we have

n

Hv,

UL
a

— {w

(3.49) for £ = 2.

1 n n n
® ———— W W (] a
1
“ll n2||v || 1=1 ¢=1 m=l 174 in
3 ¢ 2

%t 122 011 945 % * L) “11 “1s “en %

.54
+ 2(3) Wiy Wy g O ) (3.54)
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where 2(2) runs over the set (i,f,m); 2 <i<n, 1<%, m<n,

two of (i,%2,m) are equal to each other, but the other one is not equal to
them.}, and 2(3) runs over the set {(i,2,m), 2 <1<n, 1<%, m<n,
any two of (1,2,m) are not equal to each other.}

It is obvious that
1 3
—_— w,a
- 11 71
. a2 |v_||

.——;0’

M
1 2 2
E|——no w, w,2a,| < ——— Elyiq] Ew,2— 0,
ii i — 1 11
: 22|l || 12 1 alfv (]
l-
: 1 : 3m-:lmul Eulf
Ey—— w w w a —
2 (2) 11 12 tm m s
22 (v || v ]
and
1 2 243 2
2 L(3) 91q Op Ypn %) S Buyp)® /0®—0,
2V ]

where M is the super bound of the sequence {al,az,...}, which and (3.54)

imply (3.49) for L = 3, and the proof of Theorem 3 is proved.
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